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Abstract
Here we show that the main features of citatiorstony (S-shaped curve, increasing h index,
decreasing m quotient) are predictable with thestrontal law of how an idea flows over a
populated territory. It flows in two ways: fashdalong, as “convection” along established
channels of researchers interested in the ideaskanwd and short, sideways from channels, by
“diffusion” to new users. The first regime accaufur the rising portion of the S curve, and the
second for the slow-down. Tree-shaped establishadnels spread the idea faster than single
channels over the same area. The complexity odeseyn of fast channels increases in time due
to the evolution of communications technologies.
Keywords. Constructal law, Design in nature, S curve, Heiy m quotient, Invasion and
consolidation, Convection and diffusion.
Nomenclature
A area, M
b,c  constants
h h index, Eq. (2)
k constant
L lengths of tree branches, m, Fig. 7
Ly length of tree trunk, m, Fig. 7
m m quotient, Eq. (8)

n number of length scales of tree structure
t time, s

Vv rate of publishing, articles/ year

X number of publications

Xo constant



y number of citations

Greek symbols

o diffusivity, m?%s

d boundary layer thickness, m
Subscripts

co consolidation (diffusion)

in invasion (convection)

Introduction - M easuring scientific perfor mance

Scientific publishing is a competitive activitgreative individuals think, work, and write to
have fun intellectually. Along the way, they hawgact on their disciplines and contribute to
society and to themselves.

The peer groups and institutions that govern #gisvity have developed several measures
for how a scientific author is performing. Two ddes ago and earlier, the obvious measures
were “numbers”—the number of publications and thenber of citations, annual and lifetime.
These numbers are expectedly greater when thercardenger and more established, and
consequently they tend to obscure the authors veve impact early in their careers. To get
around the age bias, scientific publishing has shawpreference for two new measures, the h
index and the m quotient [1]. These two numbers @sed extensively, from tenure and
promotion decisions to the granting of society alsar

In this paper we show that the h index is defimesuch a way that it must increase with age.
Likewise, the m quotient is designed such thatusndecrease during most of the career. The h
is greater for the old, and the m is greater ferdpstart. This is useful to know, especially in
competitive academic circles. Much more imporiarthe physics of why age influences both h
and m.

Here we show that the age effect is fully predildabecause it is a consequence of the S
shape of the history of citations acquired by aglsinpublication, single author, or single
institution. We also show that the S-shaped hysi®mpredictable. It is a manifestation of the

natural design of spreading a new idea on an atesited by potential users of the new idea.



The S shape of citations history

The number of citations of a single scientificicdet increases in time as a function that
resembles the logistics S curve (Fig. 1) [2-10¢. dBes the number of citations of all the articles
of one author. The physics argument of why thisyemust have the S shape is presented in
Section 5. Here we begin with why the S shapespansible for the age effect on h and m.

The scientific publishing and citations historyao$ingle author is shown qualitatively in Fig.
2. The author publishes new articles at a cemrai@ during the most productive phase of the
career. Each paper generates a number of citdhianss a S-shaped curve versus time (e.g. Fig.
1). Some articles are better than others, andttrey to level off at higher numbers of life time
citations. This is particularly evident in the goanison between single-idea articles and review
articles, as in the two examples of Fig. 1, Ref.i@sus Ref. [5]. The summation of all these
numbers of citations is itself an S-shaped curveotal number of citations versus time, which
tends toward a cumulative plateau.
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To make our argument transparent analytically,asgume that the publishing career of the
author consists of publications that have the s&mskaped curve, and are published at equal
time intervals: n articles per year (Fig. 3). 98 a simplified model of one publishing career
(Fig. 2), however, the lifetime effect of the modelthe same as that of the real publishing

career—it is an S-shaped curve that rises thedadi@ing the most productive period of the



author’s career.
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The advantage of using the simple model is shawiid. 4. The individual S curves fall on
a single S curve when the start of each curveasanl at x = 0. The abscissa counts the articles
produced during the author’s career to the poiptirfdicated by the oldest article, which is the
most cited and the highest ranked (no. 1). Itgiaba location (¥ is proportional to its ageift

and it moves to the right at constant rate,
X =Vt (1)

where V = n articles/year (Fig. 3).
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Theh index. If the S shape of the curve in Fig. 4 is represebiethe function y(x), then the h

index is defined by the point where



y(x=h)=h (@)

The rate at which h increases is obtained by diffeating Eq. (2) with respect to time,

dh__y(x=h) )
dt 1+ y(x-h)

wherey' = dy/dx > 0, andy'(x — h) is the slope of y(x) at x — h. This means thatghowth
rate of h (namely dh/dt) is smaller than the grovetie of the number of the author’s articles (V).

The h index increases monotonically in time, alargyurve h(t) that has a shape similar to y(x) in

Fig. 4.
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Toward the end of the career, when the S curveaastt of the highly ranked articles have
reached the plateau, the slop&x —h) is small relative to 1, and dh/dt is small in camgon
with V. Said another way, intense and repetitiublighing late in the career has little effect on
the author’s h index. In this limit, the h valygpaoaches the plateau value of y(x).

If the early portion of the y(x) curve is approxtad by the power function

y=bxX 4)
where k > 1, then the early portion of the h(x)veuis stated implicitly by



) NI
X=h+ (B) (5)

In the beginning, x and h are small, and] bxX, which means that in Eq. (5) the second term
dominates on the right side. When h becomes gréaa b**™) the first term dominates, and
h O x. The late portion of the y(x) curve can be apprated as

y=c(x—x%)" (6)
where k < 1, and xis a constant determined from matching functiehsapd (6), cf. Fig. 5a.
Assuming that x<< x, the h(x) curve that corresponds to Eq. §4pughly

h\ K
X=h+ (—J (7
Cc
which means that the late portion first behaveshadsx, and continues toward long times as
h Ocxk.
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Together, the early and late portions account cetaly for the S-shaped y(x) curve, in accord
with the analysis provided in section 3. In thedmange where Eqgs. (4) and (6) match, h
increases at the same rate as x, and that rate T$¥/se features are summarized in Fig. 5a. The

fact that Egs. (4) and (6) merge on the line gpsldh /dx = 1 (and not on another tangent with

a slope that depends on the assumed power expionisr consequence of the h definition, Eq.
2).

The m quotient. Because the h index increases with the lengtheopublishing career (x),
the h value tends to favor the more senior authof® suppress this feature, Hirsch [1]
introduced the m quotient,

h h
m = =
t(years) x/V

(8)

as a “yardstick to compare scientists of differeemiority”. Here we show that m fails in this
mission. The explanation is provided in Fig. 3buring the early portion of the h(x) curve, Eq.
(4), m increases rapidly, a&% where k > 1 [the m(x) curve drawn near x = 0 ig. Bb is for
cases where 1 < k < 2Ppuringthe late portion of the h(x) curve, Eq. (6), thevatue decreases
as X, where k < 1.

The entire behavior of m versus time (or x) is marized in Fig. 5b. The m quotient is
constructed in such a way that it decreases dunasgt of the productive part of the author’s
career. Whereas h favors the more senior, m fahoe at the start of their publishing career.
Why the citations history isan S curve

The shape of the citations curve (Fig. 1) is duehe physics of the flow of a new idea
(publication, innovation, news, technology) on taedscape. Like any other point-area flow in
nature [11], a new idea spreads on the landscajpeiways, via two flow mechanisms:

1. Fast, along pre-existing (established) channetsiof interest in what spreads, and

2. Slow, perpendicularly to the lines, sweeping therstices that fill the landscape.

Both flows cover the territory inhabited by theipgents of the idea. They are the black lines (1)
and the white interstices (2) of the design of ltbe idea flows on the area. Both flows start
when the new idea becomes public (t = 0), howawechanism (1) is short lived in comparison

with mechanism (2), because the idea travels allbaghannels faster than diffusion across the

interstices.



The spreading of ideas is admittedly an abstrattah viewing. To connect it to reality we
propose the simple heat flow model shown in FigT@is model serves several purposes. First,
it accounts for the fact that the spreading ofdeaiis dlow system that connects one point with
an area. The area is the square A £2PL,, and is defined by the inhabitants who receive the
idea. The point is the middle of the left sidelté square.

Second, this flow system has dimensions that atdids presence in space (area A, length
L,) and in time. We will show that there are twodistales: one short,jtfor the “invasion”
phase ruled by mechanism (1), and the other logp f@ir the “consolidation” phase during
which the idea sweeps by diffusion all the inteesti i.e. the entire territory.

Line invasion. The model of Fig. 6 is the simplest because it drdlg one pre-existing
channel—drawn as a straight line of lengthi-2lon the square area A. More complicated,
lightning-shaped paths may exist on the sameaeyr{fig. 7) and their flows can be analyzed in

the same manner as the flow of Fig. 6.
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Imagine the release of the new idea at the pantce at t = 0. In the reality of scientific
publishing, most of these events correspond testhe of the peer review process. The first to
become empowered by the new idea are those whpaaiBoned at the entrance of the pre-
existing channel of interested (established) reais. These are the editors themselves and the
referees contacted by the editors. Time passesheasdea travels through the publication
channel toward progressively more distant inhakstahthe established channels: the published
journals, the email inboxes of authors connectethéojournal, the shelves of the best stocked
libraries, the lesser libraries that borrow frone flormer, and the far-distant researchers who
maintain themselves in the established channekbyesting personal copies of the publication
from colleagues who reside upstream in the channel.

In time, the established channel grows while tlst¢aldished recipients publish first-
generation papers triggered by the new idea. dftithe needed to reach the farthest inhabitants
of this fast channel is,t(the invasion time scale), then the growth of¢hannel line during the
invasion phase has the speed scale

V=it ©)
tin

Older examples of this initial fast channel ara@er and better known. In our own domain
(thermal and fluid sciences), we are familiar wite phenomenon of how Prandtl’s boundary
layer theory [12] spread on the scientific landgcape hundred years ago. It spread fast, but
only to those who were connected to Prandtl: leistgraduate students (Blasius, Pohlhausen,
Schlichting, von Karman) and his contemporaries wdaal and published in German. Later, the
fast spreading continued along established chanimelEnglish, as a consequence of the
American occupation of Prandtl’s institute, and fmerican translation of Prandtl’'s German
articles.

Today, because of electronic publishing and thé,wee tend to lose sight of this pre-
channeled flow architecture that exists among esabse its;t scale is short and becoming
shorter. Still, the first flow on the area occalsng established lines (e.g. Fig. 6), and we dan a
recognize it if we think of the publishing that sted before the web and much earlier. Think of
the time of Galilei, Newton and Leibnitz, when #ehival publications and libraries were few

and slow, and the inhabitants of the establishethicéls knew each other and communicated



their new ideas through letters carried by couwist stage coach.

The interested recipients know each other. Whewg look over each other’s shoulder, they
unwittingly collaborate. This is why the estabésgihchannel is a lot faster than the body of those
who are not yet connected to the established cthanne

The fast flow of the idea along the channel isoagganied by diffusion of the idea sideways,
to the immediate (untouched) vicinity of the chdnnEhe first to benefit from the new idea are
those who are closest to the pre-existing channéle collaborators of the first in the channel
are those who start working on the idea first, ai publish second-generation papers first.
From them, and in the same vicinity, new recipidatsn to apply the idea and to publish it in
subsequent-generation papers. The thickness ®flabal territory grows by diffusion, from
author to reader, and from old article to new &tidn time, the “diffused” vicinity grows to be
the thickest near the entrance to the fast, pretiegichannel (e.g., the upper-left of Fig. 6).isTh
is how the established become even more establisheshtrenched.

In physics, diffusion processes are charactefizesbeeds of spreading that decrease in time.
The reason for the monotonic decrease is thatlthre éncounters local inertia in its path. In
thermal diffusion, for example, the heat flux thatives at a point must raise the temperature of

that point before it can proceeliminished to the next points downstream [12]. The vicinity

swept by diffusion during the time t has the thieksd ~ (cxt)llz, wherea is the diffusivity of

the medium. The speed with which this region exiggdd / dt) decreases in time &a / t) vz,

This model captures the main features of the siifiu of the idea transversally to the fast
channel. The body of unconnected recipients posgta in this transversal direction. Every
new author needs time (to learn, to apply and toliglu the idea) before the publication can
serve as source for the next, more peripherallyagtd authors. Every such publication is a
diminished source for the next. It is diminished in compamisvith the publication that inspired
it, which is older, with a farther reach by diffasi The idea flows from those who know and
publish to those who want to know and to publistihen the downstream recipients have risen
to such a level that they have learned and puldistie flow of the idea ends. Old news does
not travel.

In the model of Fig. 6, the number of those whwehdeen reached by the idea is

10



proportional to the finger shaped area of length Ut and base thickness~ (at)/2. This area

is of order A ~5L ~ o¥/t*2. At the end of the invasion phasg & 2L/V), the diffused area
has grown to A ~oA/*342L,)%?, or in relative terms
A ( t j3/2 (10
Ain tin
As shown at the bottom of Fig. 6, Eq. (10) accodotshe early part of the S curve of Fig. 1,
because the area growth rate dA/dt increases maicatly in time.
After the established channel is traveled by tteaicompletely (t ~.), the recipients are
reached by diffusion on both sides of the chania.shown in the upper-right corner of Fig. 6,
this body of recipients is represented by the aseept by diffusion during theonsolidation

phase, which lasts until
tco -~ (11)

Beforethistime,the area swept by diffusion & ~ 2 x (O(t)l’2 x 2L3, and its history is traced as
1/2
A (Lj (12)
4L§ tco
This area function accounts for the late portionthef citations S curve (Fig. 1), because in Eq.
(12) the growth rate dA/dt decreases monotonigaltyme.

The time and area scales of the invasion and ¢daton phases depend on the line

invasion speed and the diffusivity perpendiculathiline,

tC_O ~ ﬂ >1 (13)
tin 20
, 1/2
Ain _ ( a J <1 (14)
4|_§ 2LV

In sum, the invasion-consolidation scenario accowampletely for the S-shaped history of
citations. The S shape is not unique, becauspierntds on the dimensionless groyp/k. This

group increases in time, because it is dominatethbyspeed (V) with which the established
channel is traveled by the first release of thevidé&rom this comes the prediction that in the

future t, will continue to decrease relative tg, tand the citations history curve will look more

11



like in the lower right frame of Fig. 6.

Treeinvasion. The physics of the spreading of ideas over an idlberritory is the same
if the fast invasion pattern is more complicatedntlin Fig. 6. Consider the dichotomous tree
pattern sketched in Fig. 7. This is a more raalistodel of how the established recipients are
connected on the territory. They are connected drarchy, which was noted already in the
description of the line-shaped invasion along distiaéd channels. The recipients who benefit
from the idea first are the ones who form the trohkhe tree (k). Subsequent branches of the
tree (journals, news releases, libraries) spreaddia to the rest of the established network, as a

multi-scale drawing (L Ls, ...) that covers the territory incompletely.
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The analogy between the flows in Figs. 7 andr@asle visible analytically by noting that the

tree branches have lengths of sizg L, = %L], L3= %L 1, etc. When the number of length

scales (n) is large, this sequence is approximeded
Li+1/L; =p 71/2 (15)

The idea travels from the trunklLto the farthest branches,jlalong invasion paths of length

1- (2—1/2)n+1

Lin =L1+..+Ln=L1 {_ 512 (16)
which when n >>1id;, 03.4 L;. The invasion time is
L
tin 53.471 (17)

Slender diffused areas develop along each ofrtveding tree branches, in the same manner

12



as thed x L finger shown in the upper-left of Fig. 6. Thesegérs become wider by diffusion

during the consolidation phase of their respedtiterstices. The consolidation phase is ruled by
the time scale of diffusion over the smallest istiees (L, X L), which fill the territory

completely. There ard'? such interstices, withl~ (273"L,, therefore

2 2
L P S (S (18)

a a
This time scale is comparable with of Eq. (11), but it is shorter.

The tree-shaped invasion ends at f,,~when the most distant members of the established
network (on branches,) are as remote as the unconnected recipients wihthé white
interstices. For these recipients, the intersteresof sizel, x L .

The smallest length scale of the invading tredinge. Its size is deducible from the

observation that the time needed by the idea t@kt@ong the smallest channel () is just as

long as the time needed to diffuse perpendicularlyhe channeI(L%/a). From this time

-1/2
)

balance resulté ,V/ a ~ 1, and after usind.,, ~ (2 =1y ; we obtain

In(L1V/a)

1/ 2

The complexity (n) of the invading tree increasesause the groupiV/ a increases in time as

nO1+ (29)

a consequence of the evolution of publishing comoations technologies.

Conclusions and further directions

The chief conclusion is that the main featurethefspreading of ideas are predictable. The
new ideas spread over a population (territory) dasetwo flow mechanisms, one long and fast
(invasion, similar to convection) and the otherrslamd slow (consolidation by diffusion). The
predicted features are the S shape of the citatimtasry, the increase of the h index in time, and
the decrease of the m quotient after the earlygbésa publishing career. Another phenomenon
covered by this theory is the increasing compleaitgl length of the pre-existing (established
channels), because of the evolution of publishim)@mmunications.

We presented this theory in simple heat-trangfans, by focusing on a single publishing

career. The applicability of his mental viewingcisnsiderably more general. It can be used to

13



account for the citations history of a group ofraus, such as a university department, a research
institute, a university, and a country—each aw fbf spreading ideas on territories with larger
area and time scales. The same theoretical frankesustains the spreading of a single idea,
such as Prandtl's boundary layer theory [12].

At the largest scale, this work casts a light lom design of the flow of talent and education,
from generators of ideas to young recipients ortéhetory. It speaks of the flow of knowledge
from the established channels to the entire pojulatlt is the physics backbone of an invisible
pattern of social organization that facilitates flo&v of knowledge and governs empowerment.
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Figures

Figure 1 Examples of S-curve phenomena: the groivtirewer’s yeast [2], the spreading of
radios and TV§3], and the growth of the readership of scienfifiblicationg4, 5].

Figure 2 The pattern of publishing and citationa single author.

Figure 3 Regular pattern of publishing by a siragiéhor.

Figure 4 Superposition of the S-curves of Fig. 3.

Figure 5 The S shape of the history of the h in@exi the corresponding early hump of the m
guotient.

Figure 6 Line-shaped invasion, followed by consgtioh by transversal diffusion. The
predicted history of spreading on the area reubal$s-shaped curve of Fig. 1.

Figure 7 Tree-shaped invasion, showing the pretiagishannels traveled by the new idea,
and the interstices that will be swept by diffusiater.
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